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LAGRANGE MULTIPLI ERS

✗ Banali
spece ,

NE X Open , f : ll → R

y : il → pt , la≥'

fig c- (
1

Ne want to finte necessary
conduit.ae for existence of

(f) min ftse) CONSTMTNED OPTIMIZATION

MEN : glse) -0
PROBLEM

It dint < +oo : Lagrange multiplier gi-k.fr?, )
If a soles a) ⇒ 3- ben? dflx) = [ Ag dg

>
te)

we Nant to extent this reset to a- dim Spaces :

the H - Hilbert
spera .

Let fin →R, g : Il
→ 'rd

,
NEttopen

t
, g c- Cd . Assume that 3- ma c- M =/ KEN : già -0}
solving G) and assume also Het dglmo) is svgective .
Then 3- A c-Mt :

" LIH
,
1129

d

dflmo) = E la dg' Imo)
1--1

puoi Stepa Desniption d- tangent Space : µj =}
Tmotl : - { hett : 3 si c-È / ieri , H) with

Ttt) ≤ M ft

Nt) = mo

ÈN" /
+⇒

= dritti] =L }



We want to
prove
Tmom = ben dglmo)

(≤ ) lat hc-tm.tl
,
that silt) with Hd - no, No) =L

arte
gloria ) = o

ltt

E-o

◦ = ¥ gioia) = taglia) d- ma → ◦ = dglmo) -1h]
dt

un he her dglmo)

(≥) Leth c- ha dglmo) ,
we want to constmct a cure Nel

'

with olo) - mo
, sito) =L and TK) ≤ M Kt

,
iee

.

GIÀ ⇒ tt .
Idee; KM " ≤E eoustmet a vector
wlh) c-H so

tlet.moj-hi-wlhc-M.jp?-?:Ts=
»

↳ in fin dim , we
deserte the construire ta es -

graph over e tale

Ne decompose H = ben dglmo) ⊕ (ha dglmo) )ᵈ
~ ÷

Note that to and the ere botti closed : No is the

land of bla bin op, Ha is the d of Vector spae

Introduce ly : Ho ✗ Ha → Rd
(k , w ) → Jihad = glmothiw)

then : a) G / 0,0) = glmo ) ⇒

DI c-ci
e.) dw Glad is muehible c- I /Ha

,
IR)

dw Gladio]
= dgcmo) [≈]



themp dglmo) : Ha → IN is

- surgectiue : KYEID? 3- see H : dglmo) se = y
Non wvlè se = sto + sei c- ha dglmi) ⊕ (ha dglmo) µ
↳ dglmo) se = dglmo) di = y

TE

la sonew EHI

- inyectiue : dg ( mo) w ⇒ X-D NE Ho n Ha = ho}
-
boiled : ↳ Imd c- L / Ha , NE)

- Ha Banach : it is closed in
Beneck

Open mapping :

⇒ [taglino ]
"

c- flirta ; HD
Ha

Itt
3 ! co : BÈ io) → Bg G) of class lle

,
sothet

⇒
h→ wlh)

° e § ( h, colli ) = glm . + htwlh) ) the-13:D

So
in particolare ,

V-hc-BE.tl
, ma + ht wlh) c- M

Novara : Wto) -0
,

dwlo) ED = _ [dw Glad )
- '

da Glad ti]
= - [ dwglo.io) ]

"

dglmo) Eh] ⇒

↑ c- Ho = hadglmo)

How put AHI : = ma + th + with) c- lettere) ,H)
we have V10) = Ma

È NA = h + dwldt.fi?---L
Mt) ≤ M Kt by construction :of co :

G ( mot
tht with) ) = o tt



stepz-tdehc-tm.tl and are NIH in M with

h
as Tangent Vector d- 0

.

consideri non f- ◦ 8 :( -E, e) → R ,
mh

are has

float) ≥ FIN») ft

since mo Solus the constnenied minimi zotcon problem
So for his minimum d- t-O :

◦ = d- finti) /
= dftrlo)) [ END ] = dflmo) [ h]

di
f-o

this holds tra V-hc-tm.ME ha dglmo)

Equiuabntly , since dflmo) c- LCH, /R) ≈ H*
4M¥→ *

dfimo c- ( ha dgimdk-lmldgim.tt
↑

provided lmdglmo) closed

I

Imdglmu) = IN so closed

⇒ 7 band : dflmo) = ( dglmo) )
*
[ A]

Finally dglmo)
*
: (MY → N'era

A → [dglm.IT/A)dgImdYHEh)--t/dglmD--hI)
= E 1g dgilmdth)

n

=D 3- band : dflmo) = E ha dg
> Imd

a

Next goal : extent to general Banach Spaces :
whee bid we use Hilbert? H = Ho ⊕

.

Ha / Ho / He closed

So in genere ✗ , we would live to have simil decapont.tn :

✗ = ha dglmo) + L ,
l' n ha dglmo) - lo}
L closed



Complementare subspeces-__

( Brezis
,
2.4)

Del lat G ≤ ✗ be a chat snbspace of X Beneath

L ≤ X is a compliment of G il
a) L is closed

a) GAL -19 and Gil = ✗
Z = sertys = Kat 42

RI If G) L are complementano : =D
" "2=92-" c- Gnh - ho}

=D

+ 2- c- ✗
,
3- ! ok c-G , y C-L : 2- = se + z

So we can introduce a projector op
P : ✗ → a

2- → (Pz) : = se so Hat 2-= sett c- Gt L

Lemmy X Banach
,
Gil complementano snbspaas .

then

3- C ≥- so Het K 2- = se ty c- Gil

✗ set ≤ C Hall , Agli ≤ CI 2- Il
i. e

. P : ✗→ G is continuous projection

pref consta Gxl with non llcniyll = link +11yd
and the map
T : GXL → Gtl __

× T
, D lineare

( se, y ) → sexy

→
a) continua

a) suyeck.ve
un' gvenessof teconp . → •) inyective

Open mapping
thm

=D T
"
exist and boutet :

il MIDI) ≤ IT
"
2- Il ≤ CIELI

•

Da 1) evey fin time sub G of ✗ otmits a
complementi Indole G- spari <È ,

.
. sei>

,

tu c- G , se - E sei È

Define In fune . Yi : G → IR ,
lib) = di

extent Yi to a cont . In finet fi : ✗ → R by



Ha.hn -Banche
,

with Ii / a
= Yi

Then L
= Il II. " ( o) is a complemento G

a) closed I finti intnsech.ae 1- closed )

a) GRL =L -4 , I g c- anl ↳ g = [ 9,

- è? ah Ia /g) = Yalg ) = ga
¥_ )

) at L = ✗ : ( ✗ c- ✗ , put sei : = te. - la) ah g : = Eni È .

Then se - g e- L )

2) In Hilbert
, evey closed subspue has a complementi

Just tale L

3) In any Bench
Space

not isonorphic E Hilbert
,

3- closed snbspees without complementi
( Lindterstnavss - Tzafnhi

,
Israel 7. Meth , 1971 )

we week chhitouel conditions
ensowy fan T

,
with

t bin op ,
has a complementi .

This conta
. is that T has right inverse

DEI 1- c- LIX, Y) has a right invase if 3- SELIY, ×)
so that

TS =D
, Itsy = g +

y c- Y)

T Les lett inverse ef 3- Se f. ( Y , X) with

ST = A-
✗

DE T has right invio ⇒ Tsuyeetive
T has left inverse =D T ingective
⇐) implicati-ns NOT Tre

, but veloce chaceteizction

Prg 1) Assone 1- c-LIX, Y ) suzgectiue .

Then

T has right inverse ⇔ but has compliment
2) T c-LIXIY) Injection

T has bltt invase ⇔ Imt closed and has compliment



prof only 1) i

←
right inverse

⇒) claim : 1m S is complementano for but

I but a 1ms - ho} :

se c- Kent , se = Sy fa sone y c- 4 .
Non

◦ = Tre = Tsy = g ⇒ se = Sg = So = 0

e) In S closed :

trna clm S with an → se
. un = Syn , gne Y

→ yw = T Syn = Txn → Tu

tuus seu = Syn

↓ ↓
se sia → se c- In S

°) ha 1- + 1ms = X

17 se c- ha T ✓ ( vento )
it se & Kent

, potyi-n.TK =/0

→ se ⇐ La + se - Sy
c-1ms
\

c- bat : The- Sy) = Tse - Tsy
= y - y ⇒

⇒ By assumption hat has complementi. Consideri

P : ✗ → Kent projection ( it is continuous by paiaslemne)
pot 2- = CI -PJX so that 2- is the complementano of
but and Z closed .by assumption

✗à_
claim : tz 's biyectiue

put a = Tiz :
2-→ 4

. Ais o) linea aula boowded

•) inyective : Ase eo ⇒Tanto
→ ne hntrz = {

o}

D sorzectiue (T srzectiue ad
2- complementari Kent )



a) 2- Band ( 2- closed)
Open mapping
=D 3- a

"
: Y → Z c- LIY , Z)

if we put i : 2- → X continuo»
,
then

io a
"

c- L ( Y, ×) is a right inverse .

(T.i.at ) /y) = Tiz A-
'4) = a a-

'

4) = y
③

Back to Lagrange multiplier in
Beneck

spece

thm X Banach
,
f : NEX → 'R

, girl → tra
, Chepe ,

Assan ma c- M - { rete : già ⇒ } soles (7) and

dglmo) sozgectiue . Then 7 AEM :

de

dflmo) = E Ag dg
> (Mo)

1--1

pref As befane
,
but molly Step 1 ⇔

het he her dglmo) = Xo
we want Xo to have complementi. finta Xs closed with

✗=L +4
,
Xo n Xs - {° }

As dglmo) suryective , her Igino) complementare ⇔ dglmo) right
( hulk

Constant a right inverse : the see
, . . , sia c- ✗ so that

dglmo) [ di] = È c-IN =/ 0
,
_ . . /

1
. . . .

0)
( possible es dgimo socyectiue) % componenti

Put B : Rd → ✗
d

È Ii ( C1
, .

.
.

,
Ca) → E ci sei

i = I

Then Bis a) continuous : 11 BEH
,
=E Cirilli ≤ separati Ilcil

≤ ¢ HEI

c.) right mouse: dg ( mo) [BE ) = dgim.FI Cini)
= E ci dglmd [ai] = E ci È ✓

= E



→ X is aonplementehle i ✗ = Xo the with Xi closed

then follow pnewaos prof and epply IFT lo pone
Tono M - ben dglmo) and prove step 2 → bifore

@

Application look fa non triviale solutions of

Rend In BÈ , Eca , aly trivial

{ - u
"
= ci

G) sol by IFT

mld = mld) -0
pena -u

"

-
ciao

,
finti = È

↳ negative Lenitive

Considera the functional L : H! ( top ) → R
a→ Un)=±/ È? { fai

il Solves (¥ ) in week sente

I

July ' - Sciopero ltq EH? ( Tail)

I
dllu) [e) = o Keen! Kai)

(*) comes ponds b- dllu) [ le] -0 Xp
Stationany point of L

look ha minima of L
È→

overnight
Problem : 3 minima 1- L : Lltno) -{ E)È _È/no"

othasta-tegy.cons.lu Fln) = ± / la' /
2

M : - { neh! : f- fa
'
=L} =/ n: Giulio}

whee Glu) = ±, fu
"
-1



Look fa minime off dong { Gia}

mia
Flu)

.

Assume una finta no gol of
u: Giulio constante minimo problem .

Clearly no -40

A-pply Lepage multiplier theoem

e.) F : H! → IR of class et ✓

a) G : H ? → IR " " "

✓ lcteeaeit! )

a)
daino) [43 = fu? Y surzect.ie

( the 4 = tuo )

→ 1- be R: IF / no) - Ad Gino)

⇔ dt-ludt.ie] = A DGIUD [ le] Keat?

⇔ fai e ' = A / uisq tech!

⇔ no Weak see of |
- no

"
= A cio

}

Udo) = no /1) = o

Note Hot for y - no =D fui
≥
= I / uf ⇒ A>o

their scale : ✓= tuo

{
- v
"
= - 2 no

"

= LA u? = Iga v3
v10) = v11) - o

→ fa 22 - A me got a sol of H)

It is Lft to check the existence of the minimum

of F on {G- o}



Luna E 46=03
Let tua} minimi

.my seg :
Finn) → inf Fin)

G-O

un f- / nè =L ,
mormone :

Poincaré

/Hai ≤ e =D / nei ≤ e
H?

→ Kiraly: ≤ e → 3- una - u

hey IÉ a

⇒ 1e him ↓ / me! = { fu" nucleo}
I → 00

Finally
Inf F ≤ { /cit ≤ by {Un'g)

2
.
- uff"

Geo Geo

↑
→ in solves the miniwiizoton problem !

I
lover semiwutinu.tt d- nome

Lee from Weak can - Kay - n


